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Abstract
Renormalized fermion condensate in SU(2) gauge theory has been cal-
culated in the background of static, stable gauge field configuration using
field strength formalism. It is observed that the condensate attains a neg-
ative, minimum value at low energy.
1 Introduction
Quantum Chromodynamics (QCD) is believed to be a correct theory for strong
interaction[1]. Apart from the colour confinement, spontaneous chiral symmetry
breaking is one of the most important aspects of strong interaction, tnhe clear
understanding of which is absent till this date. It is believed that owing to strong
interaction, quarks of opposite chiralities are attracted to each other to form a
bound state. The non-vanishing expectation value of the fermionic operator ψ¯ψ
with respect to the low energy ground state of the theory is identified as the chiral
condensate. It is believed that chiral condensate is one of the parameters which
characterizes the vacuum structure of QCD at low energy[2]. The intrinsic non-
perturbative nature of the chiral condensate indicates the difficulty of calculating
it from the first principle.
We consider an SU(2) gauge theory with fermion in the field strength formalism[3].
Since, it is possible to obtain the information about the non-perturbative be-
haviour of a theory using semi-classical methods[4], we consider the motion of
fermion in the background of a stable classical solution of the gauge fields[5]. The
fermion condensate has been obtained after performing the integration over the
fermion fields. The renormalized condensate assumes a minimum with respect
to fluctuations of the mass parameter of the theory. The minimum value of the
condensate becomes vanishingly small in the perturbative region of the theory.
At low energy there is a critical scale where the value of the condensate is zero
and it remains negative below that scale.
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2 Evaluation of 〈ψ¯ψ〉
The Partition Function for the quarks in SU(2) gauge theory is given by
Z[η¯1, η2] =
∫
Dψ¯DψeiSf . (1)
The action
Sf =
∫
d4x[ψ¯(x)(i/∂ +
g
2
τ (a) /A
(a)
(x)−m)ψ(x) + η¯1(x)ψ(x) + ψ¯(x)η2(x)], (2)
where τ (a)s (a = 1, 2, 3) are the Pauli matrices. After transforming fields in
momentum space the action becomes
Sf =
∫
d4p
(2π)4
[ψ¯(p)(−/p−m)ψ(p) + η¯1(p)ψ(p) + ψ¯(p)η2(p)]
+
∫
d4p
(2π)4
d4q
(2π)4
ψ¯(q)
g
2
τ (a). /A
(a)
(−p + q)ψ(p) (3)
In the axial gauge A
(a)
3 (x) = 0, the potentials can be solved in terms of fields in
momentum space as[5]
A
(a)
0 (q) = −
i
qz
X
(a)
3 (q), A
(a)
1 (q) = −
i
qz
X
(a)
2 (q), A
(a)
2 (q) =
i
qz
X
(a)
1 (q), A
(a)
3 (q) = 0.
(4)
Fields X
(a)
j s (j = 1, 2, 3) are defined as
X
(a)
1 = B
a
x, X
(a)
2 = B
a
y , X
(a)
3 = E
a
z . (5)
Assume that quarks are confined in a background gauge field X¯
(a)
j which is a static
solution of the equation of motion of the effective gauge theory[5]. In the strong
coupling limit when ∆≪ 1, the background takes the form
X¯
(a)
js (q) = (2π)
4
√
πφ∆δ(3)(q⊥)δ(qz −∆− ζ)δajeisαj , (6)
where,
s = ±, αj = π
6
(δj1 − δj2) (7)
and ζ is a small positive number. We expand Sf about X¯ and drop terms to
order X − X¯ . Then we compute Sf at X¯ using eq.(6). We have assumed that the
2
variation of ψ(p) over the scale ∆ (≪ 1) is very small. Finally taking the limit
ζ → 0 we obtain
Sf =
∫
d4p
(2π)4
[ψ¯(p)S−1(p)ψ(p) + η¯1(p)ψ(p) + ψ¯(p)η2(p) + 0(X(p)− X¯(p))] (8)
where
S−1(p) = −/p−m+ iφ1τ (a)(δa3γ0 + ǫja3γj) cos θa, (9)
φ1 =
√
πgφ. (10)
Upon substitution of Sf in eq.(1), we integrate over the fields and obtain the
partition function
Z[η¯1, η2] = Det[S
−1] exp
{
−i
∫
d4p
(2π)4
η¯1(p)S(p)η2(p)
}
+ 0(X − X¯2). (11)
The fermion condensate
〈ψ¯ψ〉 =
∫
d4p
(2π)4
d4q
(2π)4
〈ψ¯(p)ψ(q)〉
=
∫
d4p
(2π)4
d4q
(2π)4
(
(2π)4
i
)2
δ2
δη¯1(q)δη2(p)
lnZ |η¯1=η2=0
= −i
∫
d4p
(2π)4
trS(p), (12)
where tr means the trace over the colour and the spinor spaces. We write
S−1(p) = Q0(p) +Q1(p), (13)
where
Q0(p) = −/p−m, (14)
Q1(p) = iφ1τ
(a)(δa3γ0 + ǫja3γj) cos θa. (15)
It was observed[5] that φ = ±b1∆/αa1s in the strong coupling region, where a1 =
1.5±0.003 and b1 = 0.00261±3.0×10−6. It was also observed that ∆ will remain
less than 1 in the region 1 ≤ αs < 3069. So, φ1 =
√
πgφ = ±1.64 × 10−2∆/αs
and it will remain small in the given region of αs. Consequently, we can treat Q1
as a perturbation over Q0 and obtain S(p) to order the φ
2
1. Then S(p) reads as,
S(p) = Q−10 (p)−Q−10 (p)Q1(p)Q−10 (p) +Q−10 (p)Q1(p)Q−10 (p)Q1(p)Q−10 (p) + 0(φ31).
(16)
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The integral in eq.(12) is divergent in the ultraviolet limit. We regularize the
integral by going over to d dimension, where d = 4 − ǫ (ǫ > 0). We evaluate the
trace of S(p) in d dimension and obtain the condensate upon substitution of the
result in eq.(12) as
〈ψ¯ψ〉 = −i
( µ
2π
)ǫ
(4− ǫ)m
∫
ddp
(2π)d
[ 2
p2 −m2 +
φ21
(p2 −m2)3{−9(1− ǫ)p
2
−20p20 + (7− 3ǫ)m2}
]
+ 0(φ41), (17)
where µ is a constant of mass dimension 1. We evaluate the integrals[6] and obtain
〈ψ¯ψ〉 = π
2m
2ǫ
(32m2 − 49φ21) + 4π2(1− 2γE)m3 +
π2
8
(17 + 98γE)φ
2
1m
+
π2
4
(49φ21 − 32m2)m ln
(
πm2
µ2
)
+ 0(ǫ, φ41). (18)
The first term is divergent in the ǫ → 0. We cancel this divergence by adding
counterterms to the action. Then, we obtain the renormalized value in the minimal
subtraction scheme as
〈ψ¯ψ〉R =
√
πµ3F (x), (19)
where
F (x) = 4(1− 2γE)x3 + λ
2
8
(17 + 98γE)x+
1
2
(49λ2 − 32x2)x ln x, (20)
x =
√
πm
µ
, λ =
√
πφ1
µ
. (21)
F (x) is plotted with respect to x for different values of λ. F (x) has a minimum
for λ > 0. It indicates that the value of the condensate remains stable under
small fluctuation of the parameter x about its minimum value. If the minimum
value of F (x) occurs at x = x0, then Fig.1 suggests that x0 increases with λ and
F (x0) < 0 for λ > 0. Our numerical evaluation suggests that x0 = aλ + b, where
a = 0.59± 0.001 and b = 4.6× 10−4± 2.4× 10−5. The renormalized, stable value
of the condensate reads as
〈ψ¯ψ〉0 =
√
πµ3F (x0), (22)
At scale µ, the parameter
λ(µ) = ±2.9× 10−2 ∆
µαs(µ)
. (23)
4
0.00 0.02 0.04 0.06 0.08 0.10
-0.02
-0.01
0.00
0.01
0.02
0.03
F(
x)
x
 
 
 
Figure 1: (Color online) Plot of F (x) versus x for different values of λ.
From perturbative evaluation we know that
µαs(µ) = µαs(µ0)(1 +
c
2π
αs(µ0) ln(µ/µ0))
−1,
where c = 20/3 for SU(2) gauge theory. As µ increases µαs(µ) increases and
consequently λ(µ) decreases with the increase of µ. So, as µ decreases, λ increases
and the non-perturbative region of the theory can be probed for relatively larger
values of λ. Since F (x0)→ 0 as λ→ 0, 〈ψ¯ψ〉0 becomes vanishingly small at very
high energy. It indicates that 〈ψ¯ψ〉0 versus µ curve will have a minimum below
the µ axis at low value of µ and it goes to zero as µ tends to infinity.
3 Conclusion
We have used the field strength formalism for SU(2) gauge theory to compute the
fermion condensate in the stable background of the gauge fields in terms of a mass
parameter of the theory. The condensate attains its minimum at a particular value
of the parameter and it remains stable under small fluctuation of the parameter
around that minimum value. The value of the condensate at the minimum is
taken as the stable value 〈ψ¯ψ〉0. It has been observed that this value becomes
vanishingly small at very high energy and it goes to zero at very low energy. It has
been observed that 〈ψ¯ψ〉0 → 0− at very high and very low energies. Therefore,
〈ψ¯ψ〉0 attains a negative, minimum value at relatively low energy.
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